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DEFORMING A LIE ALGEBRA BY MEANS OF A TWO FORM
PAWE NUROWSKI
Abstrat. We onsider a vetor spae V over K = R or C, equipped with
a skew symmetri braket [·, ·] : V × V → V and a 2-form ω : V × V → K.
A simple hange of the Jaobi identity to the form [A, [B,C]] + [C, [A,B]] +
[B, [C,A]] = ω(B, C)A+ ω(A,B)C + ω(C,A)B opens new possibilities, whih
shed new light on the Bianhi lassiation of 3-dimensional Lie algebras.
1. Introdution
In referene [2℄ we onsidered a real vetor spae V of dimension n equipped with
a Riemannian metri g and a symmetri 3-tensor Υijk suh that: i) Υijk = Υ(ijk),
ii) Υijj = 0 and iii) ΥjkiΥlmi +ΥljiΥkmi + ΥkliΥjmi = gjkglm + gljgkm + gklgjm.
Suh tensor denes a bilinear produt {·, ·} : V × V → V given by
{A,B}i = ΥijkAjBk.
This produt is symmetri
(1.1) {A,B} = {B,A}
due to property ii), and it satises a three-linear identity:
(1.2) {A, {B,C}}+{C, {A,B}}+{B, {C,A}}= g(B,C)A+g(A,B)C+g(C,A)B,
due to property iii). Restriting our attention to strutures (V, g, {·, ·}) assoiated
with tensors Υ as above, we note that they are related to the isoparametri hyper-
surfaes in spheres [3, 4℄. Using Cartan's results [5℄ on isoparametri hypersurfaes
we onluded in [6℄ that strutures (V, g, {·, ·}) exist only in dimensions 5, 8, 14 and
26.
A striking feature of property (1.2) is that it resembles very muh the Jaobi
identity satised by every Lie algebra. The main dierene is that for a Lie algebra
the braket {·, ·} should be anti-symmetri and that the analog of (1.2) should have
r.h.s equal to zero.
Adapting properties (1.1)-(1.2) to the notion of a Lie algebra we are led to the
following struture.
Denition 1.1. A vetor spae V equipped with a bilinear braket [·, ·] : V×V → V
and a 2-form ω : V × V → K = R or C suh that
[A,B] = −[B,A] and
(1.3) [A, [B,C]] + [C, [A,B]] + [B, [C,A]] = ω(B,C)A+ ω(A,B)C + ω(C,A)B
is alled an ω-deformed Lie algebra.
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This denition obviously generalizes the notion of a Lie algebra and oinides
with it when ω ≡ 0. Note also that if the dimension of V is dimV = 2, then
ω(B,C)A+ω(A,B)C+ω(C,A)B ≡ 0 for any 2-form ω and everyA,B,C ∈ V . Thus
in 2-dimensions it is impossible to ω-deform the Jaobi identity, and 2-dimensional
ω-deformed Lie algebras are just the Lie algebras equipped with a 2-form ω. This
is not anymore true if dimV 6= 2. Indeed assuming that dim V 6= 2 and that
ω(B,C)A + ω(A,B)C + ω(C,A)B ≡ 0 for all A,B,C ∈ V we easily prove that
ω ≡ 0.
The aim of this note is to show that there exist ω-deformed Lie algebras in
dimensions greater than 2 whih are not just the Lie algebras.
2. Dimension 3.
It follows that if dimV ≤ 2 then all the ω-deformed Lie algebras are just the
Lie algebras. To show that in dim V = 3 the situation is dierent we follow the
proedure used in the Bianhi lassiation [1℄ of 3-dimensional Lie algebras.
Let {ei}, i = 1, 2, 3, be a basis of an ω-deformed 3-dimensional Lie algebra. Then,
due to skew-symmetry, we have [ei, ej] = c
k
ijek, ω(ei, ej) = ωij , where c
k
ij = −c
k
ji
and ωij = −ωji. Due to the ω-deformed Jaobi identity (1.3), we also have
cmlic
i
jk + c
m
kic
i
lj + c
m
jic
i
kl = δ
m
l ωjk + δ
m
kωlj + δ
m
jωkl,
whih is equivalent to
(2.1) cmi[lc
i
jk] + δ
m
[lωjk] = 0.
We now nd all the orbits of the above dened pair of tensors (ckij , ωij) under
the ation of the group GL(3,R).
We reall that in three dimensions, we have the totally skew symmetri Levi-
Civita symbol ǫijk, and its totally skew symmetri inverse ǫ
ijk
suh that ǫijkǫ
ilm =
δljδ
m
k − δ
m
j δ
l
k. This an be used to rewrite the ω-deformed Jaobi identity (2.1).
Indeed, sine in 3-dimensions every totally skew symmetri 3-tensor is proportional
to ǫijk, the l.h.s. of (2.1) an be written as
tm = 0 with tm = (cmilc
i
jk + δ
m
l ωjk)ǫ
ljk.
In addidtion, we may use ǫijk to write c
i
jk as
(2.2) cijk = n
ilǫjkl − δ
i
jak + δ
i
kaj ,
where the symmetri matrix nil is related to ckij via
nil = 12 (c
il + cli), with cil = 12c
i
jkǫ
jkl.
The vetor am is related to c
k
ij via
am =
1
2ǫmilc
il.
Similarly, we write ωij as
(2.3) ωij = ǫijkb
k,
with
bk = 12ǫ
mikωik.
Thus, in three dimensions the strutural onstants (ckij , ωij) of the ω-deformed Lie
algebra are uniquely determined via (2.2), (2.3) by speifying a symmetri matrix
nil and two vetors am and b
k
. In terms of the triple (nil, am, b
k) the vetor tm is
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given by tm = 4nmlal+2b
m
, so that the ω-deformed Jaobi identity (2.1) is simply
(2.4) bi = −2nilal.
Thus, given nil and am, the vetor b
m
dening ω is totally determined. Now we
use the ation of GL(3,R) group to bring nil to the diagonal form (it is always
possible sine nil is symmetri), so that
nil = diag(n1, n2, n3).
It is obvious that without loss of generality we always an have
ni = ±1, 0 i = 1, 2, 3.
After ahiving this we may still use an orthogonal transformation preserving the
matrix nil to bring the vetor am to a simpler form then am = (a1, a2, a3). For
example in the ase nil = diag(1, 1, 1) we may always ahieve am = (0, 0, a). Thus
to represent a GL(3,R) orbit of (cijk, ωij) it is enough to take n
il
in the diagonal
form with the diagonal elements being equal to ±1, 0 and to take am in the simplest
possible form obtainable by the ation of O(nil). Finally we notie that the so
speied hoie of nil is still preserved when the basis is salled aording to
(2.5) e1 → λ1e1, e2 → λ2e2 e3 → λ3e3,
with
(λ1λ2 − λ3)n3 = 0, (λ3λ1 − λ2)n2 = 0, (λ2λ3 − λ1)n1 = 0.
These transformations an be used to sale the vetor am via
am → (λ1a1, λ2a2, λ3a3).
We are now in a position to give the full lassiation of 3-dimensional ω-
deformed Lie algebras. In all the types of the lassiation the ommutation rela-
tions and the ω are given by:
[e1, e2] = n
3e3 − a2e1 + a1e2, [e3, e1] = n
2e2 − a1e3 + a3e1,
[e2, e3] = n
1e1 − a3e2 + a2e3
ω(e1, e2) = −2n
3a3, ω(e3, e1) = −2n
2a2, ω(e2, e3) = −2n
1a1.
The lassiation splits into two main branhes depending on vanishing or not of
am.
If am = 0, then b
m = 0 and all the possibilities are given in the following table:
Bianhi type n1 n2 n3
I 0 0 0
II 1 0 0
V I0 1 -1 0
V II0 1 1 0
V III 1 1 -1
IX 1 1 1
am = 0, b
m = 0.
All types from this table have ω = 0 and as suh orrespond to the usual 3-
dimensional Lie algebras.
If am 6= 0 then, depending on the signature of n
il
, vetor am may be spaelike,
timelike, null or degenerate. The orthogonal transforamtions we use to normalize
this vetor preserve its type, so the lassiation splits aording to the ausal prop-
erties of am. If n
2 = n3 = 0 or n1 = −n2 = 1, n3 = 0, we may use transformations
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(2.5) to totally x am. This leads to types V , IV , IVx and V Ix, V Iy , V In below.
In all other ases transformations (2.5) an be used to express am in terms of only
one parameter a > 0 so that the dierent positive parameters a orrespond to
nonequivalent algebras. The resulting lassiation is summarized in the following
table:
Bianhi type n1 n2 n3 am b
m
V 0 0 0 (0,0,1) (0,0,0)
IV 1 0 0 (0,0,1) (0,0,0)
IVx 1 0 0 (1,0,0) (-2,0,0)
V Ia 1 -1 0 (0, 0, a > 0) (0,0,0)
V Ix 1 -1 0 (1, 0, 0) (-2,0,0)
V Iy 1 -1 0 (0, 1, 0) (0,2,0)
V In 1 -1 0 (1, 1, 0) (-2,2,0)
V IIa 1 1 0 (0, 0, a > 0) (0,0,0)
V IIx 1 1 0 (1, 0, 0) (-2,0,0)
V IIIa 1 1 -1 (0, 0, a > 0) (0, 0, 2a)
V IIIxa 1 1 -1 (a > 0, 0, 0) (−2a, 0, 0)
V IIIna 1 1 -1 (a > 0, 0, a) (−2a, 0, 2a)
IXa 1 1 1 (0, 0, a > 0) (0, 0,−2a)
.
In the above two tables all the types whih have bm = 0 are just the usual 3-
dimensional Lie algebras. Apart from the types I and V all the Bianhi types
admit ω deformation. It is interesting to note that types V III and IX , whih in
the Lie algebra setting do not admit am 6= 0 deformation, admit a one-parameter
ω-deformations.
We have the following theorem.
Theorem 2.1. All the 3-dimensional ω-deformed Lie algebras are given in the
following table
Bianhi type n1 n2 n3 (a1, a2, a3) (b
1, b2, b3)
IVx 1 0 0 (1,0,0) (-2,0,0)
V Ix 1 -1 0 (1, 0, 0) (-2,0,0)
V Iy 1 -1 0 (0, 1, 0) (0,2,0)
V In 1 -1 0 (1, 1, 0) (-2,2,0)
V IIx 1 1 0 (1, 0, 0) (-2,0,0)
V IIIa 1 1 -1 (0, 0, a > 0) (0, 0, 2a)
V IIIxa 1 1 -1 (a > 0, 0, 0) (−2a, 0, 0)
V IIIna 1 1 -1 (a > 0, 0, a) (−2a, 0, 2a)
IXa 1 1 1 (0, 0, a > 0) (0, 0,−2a)
They satisfy the ommutation relations
[e1, e2] = n
3e3 − a2e1 + a1e2, [e3, e1] = n
2e2 − a1e3 + a3e1,
[e2, e3] = n
1e1 − a3e2 + a2e3
ω(e1, e2) = −2n
3a3, ω(e3, e1) = −2n
2a2, ω(e2, e3) = −2n
1a1.
with the real parameters (n1, n2, n3, a1, a2, a3) speied in the table. Algebras or-
responding to dierent (n1, n2, n3, a1, a2, a3) are nonequivalent.
Finally we show that any ω-deformed Lie algebra must have quite nontrivial
struture onstants. Indeed, in any dimension dimV = n > 2 the struture on-
stants of an ω-deformed Lie algebra, whih are dened by [ei, ej ] = c
k
ijek, may be
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deomposed as follows:
cijk = α
i
jk + akδ
i
j − ajδ
i
k,
where
αiik = 0, ak =
1
n−1c
i
ik.
Then a simple alulation using the ω-deformed Jaobi identity (1.3) shows that
ω(ej, ek) =
n−1
n−2aiα
i
jk.
This shows that nonvanishing ω is only possible if both ai and α
i
jk are nonvanishing.
3. Aknowledgements
I am very grateful to Jose Figueroa-O'Farrill for reading the draft of this paper
and orreting an error in my enumeration of the Bianhi types. I also wish to
thank David Calderbank for helpful disusions.
Referenes
[1℄ Bianhi L, (1897) Sugli spazii a tre dimensioni he ammettono un gruppo ontinuo di movi-
menti, So. Ital. Si. Mem. di Mat. 11, 267
[2℄ Bobie«ski M, Nurowski P (2005) Irreduible SO(3) geometries in dimension ve Journ.
Reine Angew. Math. aepted, math.DG/0507152
[3℄ Bryant R L (2005) private ommuniation
[4℄ Cartan E, (1938) Familles de surfaes isoparametriques dans les espaes a ourbure on-
stante Annali di Mat. t. 17 177-191
[5℄ Cartan E, (1938) Sur des familles remarquables d'hypersurfaes isoparametriques dans les
espaes spheriques Math. Zeitshrift t. 45 335-367
[6℄ Nurowski P, (2006) Distinguished dimensions for speial Riemannian geometries
math.DG/0601020
Instytut Fizyki Teoretyznej, Uniwersytet Warszawski, ul. Hoza 69, Warszawa,
Poland
E-mail address: nurowskifuw.edu.pl
